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Abstract
We investigate conservation laws of diffusion-convection equations to construct first-order
potential systems corresponding to these equations. We do two iterations of the construction
procedure, looking, in the second step, for the first-order conservation laws of the potential
systems obtained in the first step.
In her famous paper [14] Emmy Noether proved that each Noether symmetry associated
with a Lagrangian generates a conservation law. (Modern treatment of relationship between
components of Noether conserved vector and Lie–Ba¨cklund operators which are Noether sym-
metries was adduced in [10,18]. Kara et al [12,13] constructed conservation laws of some classes
of PDEs with two independent variables using nonlocal symmetries.) V.A. Dorodnitsyn and
S.R. Svirshchevskii [8] (see also [9], Chapter 10) completely studied the conservation laws for
reaction-diffusion equations
ut = (d(u)ux)x + q(u).
In [1] a detailed discussion of the local nature of conservation laws derived from Noether’s
theorem is presented.
A conservation law of a system of PDEs ∆(x, u(r)) = 0 is a divergence expression divF = 0
which vanishes for all solutions of these system. Here x = (x1, . . . , xn), u = (u
1, . . . , um).
F = (F 1, . . . , Fn), where F i = F i(x, u(r)), is a conserved vector of this conservation law u(r)
is the set of all the partial derivatives of the function u with respect to x of order no greater
than r, including u as the derivative of zero order. We call the maximal order of derivatives
explicitly appear in F as the order of the conservation law divF = 0.
The conservation laws are closely connected with non-local (potential) symmetries. A sys-
tem of PDEs may admit symmetries of such sort when some of the equations can be written in
a conserved form. After introducing potentials for PDEs written in the conserved form as addi-
tional dependent variables, we obtain a new (potential) system of PDEs. Any local invariance
transformation of the obtained system induces a symmetry of the initial system. If transforma-
tions of some of the “non-potential” variables explicitly depend on potentials, this symmetry is
a non-local (potential) symmetry of the initial system. More details about potential symmetries
and their applications can be found in [4–6].
In this paper we consider conservation laws and potential systems for nonlinear diffusion-
convection equations of the form
ut = (d(u)ux)x + k(u)ux, (1)
that have a number of applications in physics (see for instance [2, 3, 11]). Here d = d(u) and
k = k(u) are arbitrary smooth functions of u, d(u) 6=0.
The complete and strong group classification of (1) was presented in [15] (see also references
therein for more details about symmetry analysis of classes intersecting class (1)). The con-
servation laws associated with first-order potential systems for equations from class (1) with
1
k = 0 were considered in [7]. However, some of conservation laws and potential systems were
missing there since the authors did not investigate some necessary differential consequences of
considered systems.
Note 1. If a local transformation connects two PDEs then under the action of this transforma-
tion a conservation law of the first of these equations is transformed into a conservation law of
the second equation, i.e. the equivalence transformation establishes a one-to-one correspondence
between conservation laws of these equations. So, we can consider a problem of investigation of
conservation laws with respect to the equivalence group of the initial class.
Taking into account Note 1 we start our investigation of potential systems and conservation
laws for the class (1) from finding equivalence transformations. Using the classical Lie approach,
we find the Lie invariance algebra of equivalence group G equiv for class (1).
Theorem 1 (see [15,16]). The Lie algebra of the equivalence group G equiv for the class (1) is
A equiv = 〈∂t, ∂x, ∂u, t∂t − d∂d − k∂k, x∂x + 2d∂d + k∂k, u∂u, t∂x − ∂k〉.
For class (1) there also exists a nontrivial group of discrete equivalence transformations
generated by three involutive transformations of the coupled alternation of signs in the sets of
variables {t, d, k}, {x, k} and {u}. It can be proved by the direct method that G equiv coincides
with the group generated by the both continuous and discrete above transformations.
Theorem 2 (see [15, 16]). Any transformation from G equiv has the form
t˜ = ε4t+ ε1, x˜ = ε5x+ ε7t+ ε2, u˜ = ε6u+ ε3, d˜ = ε
−1
4 ε
2
5d, k˜ = ε
−1
4 ε5k − ε7,
where ε1, . . . , ε7 are arbitrary constants, ε4ε5ε6 6= 0.
First we search the first-order conservation laws for equations from class (1) in the form
DtF (t, x, u, ut, ux) +DxG(t, x, u, ut, ux) = 0, (2)
where Dt and Dx are the operators of the total differentiation with respect to t and x corre-
spondingly, namely, Dt = ∂t + ut∂u + · · · , Dx = ∂x + ux∂u + · · · . Although this is the simplest
class of conservation laws, it allows us to deduce first-order potential systems
vx = F, vt = −G. (3)
Such systems as a rule admit a lot of nontrivial symmetries and so they are of a great interest.
Definition 1. Two conservation laws DtF +DxG = 0 and DtF
′ +DxG
′ = 0 are equivalent if
F ′ = F +DxH, G
′ = G−DtH,
where H is an arbitrary function of the same variables as the functions F and G.
Theorem 3. A complete set of inequivalent (with respect to the above equivalence relation)
conservation laws of the form (2) and potential systems (3) for equations from class (1) is
exhausted by the simple numbered cases of Table 1.
Proof. Let us substitute expression for uxx deduced from (1) into equation (2) and decompose
obtained equation with respect to utt and utx. As a result we have
F = F 0(t, x, u, ux), G = −F
0
ux
ut +G
0(t, x, u, ux).
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Table 1. Conservation laws and potential systems.
N d k F G Potential system
1 ∀ ∀ u −dux −
∫
k vx = u, vt = dux +
∫
k
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.1 ∀ 0 v −
∫
d vx = u, wx = v, wt =
∫
d
1.2 ∀ d exv −ex
∫
d vx = u, wx = e
xv, wt = e
x
∫
d
1.3 ∀
∫
d+ ud ev −ev
∫
d vx = u, wx = e
v, wt = e
v
∫
d
1.4 u−2 0 σ σvu
−1 vx = u, wx = σ, wt = −σvu
−1
1.5 u−2 u−2 σex σvu
−1ex vx = u, wx = σe
x, wt = −σvu
−1ex
1.6 1 2u αev αxe
v − αuev vx = u, wx = αe
v, wt = αue
v − αxe
v
2 ∀ 0 xu
∫
d− xdux vx = xu, vt = xdux −
∫
d
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.1 ∀ 0 x−2v −x−1
∫
d vx = xu, wx = x
−2v, wt = x
−1
∫
d
3 ∀ d (ex + ε)u −(ex + ε)dux − ε
∫
d vx = (e
x + ε)u, vt = (e
x + ε)dux + ε
∫
d
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.1 ∀ d
ex
(ex + ε)2
v −
ex
ex + ε
∫
d
vx = (e
x + ε)u, wx =
ex
(ex + ε)2
v,
wt =
ex
ex + ε
∫
d
4 1 0 αu αxu− αux vx = αu, vt = αux − αxu. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.1 1 0
(
β
α
)
x
v −α
(
β
α
)
x
u−
(
β
α
)
t
v
vx = αu,
wx =
(
β
α
)
x
v, wt = α
(
β
α
)
x
u+
(
β
α
)
t
v
Here ε ∈ {0,±1},
∫
d =
∫
d(u)du,
∫
k =
∫
k(u)du; α(t, x), β(t, x) and σ(t, v) are arbitrary solutions of the linear
heat equation (αt + αxx = 0, βt + βxx = 0, σt + σvv = 0).
Taking into account the latter equations and splitting the rest of equation (2) step by step
with respect to the powers of ut and ux, we obtain a system of PDEs on functions F
0 and G0.
Integrating these equations results in
F = Dxϕ− ψu, G = χ−Dtϕ+ dψux + ψ
∫
k(u)du − ψx
∫
d(u)du,
ψt + dψxx − kψx = 0, (4)
where ϕ = ϕ(t, x, u), χ = χ(t), ψ = ψ(t, x). With respect to the equivalence relation of conser-
vation laws we can assume that ϕ = χ = 0. Solving classifying equation (4) for different values
of d and k we obtain Cases 1, 2, 3 and 4 of Table 1.
Note 2. We can assume (d, k) 6= const in Cases 1, 2 and 3. (If (d, k) = const Cases 1, 2 and 3
are included in Case 4 for different values of α.)
Let us consider first-order conservation laws of potential systems 1–4 from Table 1 which
have the form
DtF (t, x, u, v, ut, ux, vt, vx) +DxG(t, x, u, v, ut , ux, vt, vx) = 0. (5)
These laws indeed nonlocal conservation laws for equations from class (1).
Lemma 1. Any conservation law of form (5) for any from systems 1–4 from Table 1 is equivalent
to the law with the conserved density F and the flux G that are independent of the derivatives
ut, ux, vt and vx.
Theorem 4. A complete set of inequivalent (with respect to the above equivalence relation)
conservation laws of the form (5) for equations from class (1) is presented in Table 1 with
a double numeration of cases.
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Note 3. To prove Theorem 4 we use all functionally independent differential consequences of
correspondent potential systems. In Table 1 for the double numerated potential systems we
omit equations containing vt since they are only differential consequences of equations of these
systems.
Note that potential symmetries arising for equations (1) from Case 1 and 1.4 of Table 1 were
found by C. Sophocleous [17]. The complete group classification of potential system correspond-
ing to Case 1 of Table 1 was carried out in [16].
We plan to continue investigations of the subject. For the class under consideration we plan
to perform complete classification of potential and nonclassical (conditional) symmetries. We
also plan to study conservation laws of the more general structure (the high-order conservation
laws and conservation laws with pseudopotentials).
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